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Abstract: The effects of self-heating on BJT behavior are demonstrated through measurement and simulation. Most affected are
the small-signal parameters Y a and Yl2. A frequency-domain
solution to the heat-flow equation is presented which applies to any
rectangular emitter geometry. This model, although simple enough
for CAD, predicts thermal spreading impedance with good accuracy
for a wide range of frequencies.
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Introduction
It has long been known [l, 21 that collector-to-emitter thermal
feedback can profoundly affect bipolar transistor performance. This
effect is becoming more important as current densities and thermal
spreading impedances rise with technology scaling. Previously
developed thermal-impedance models were based in the time domain
[3]. It was shown in [4] that neglecting thermal effects caused errors
up to 4%in the predicted delay of a simple BIT logic gate. This work
will show that local heating causes much larger errors in BJT smallsignal parameters. A new model is derived that predicts thermal
corrections to BJT small-signal parameters based on a solution of the
heat-flow equation in the frequency domain. The model is applicable
in principle to any emitter geometry. Polynomial approximations
provide simplified expressions for rectangular emitters. These
expressions are simple enough for CAD.
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Fig. lb. Experimental setup for self-heating. Heating current IH is tumed off
during brief intervals, during which vBE(t) is measured for small fixed current IM.

adiabatic surface at the plane equidistant between the sources. In
their time-domain derivation, Joy and Schlig [3] integrated Eqn. 1
over the volume of the collector space-charge region (SCR) and
its image. The result is a closed-form expression for the impulse
response at any point in the semiconductor. The time integral of this
expression gives the response to a unit step in the collector power.
The integral is complicated and is not available in closed form. The
step response at t = 00 gives the thermal resistance Rh, defined as the
total temperature rise caused by a unit step in the collector power.
A frequency-domain model can be derived by first taking the
Laplace transform of Eqn. 1, yielding

(1)

Zth(r, s) = -exp
( - r a
4aKr
where K is thermal conductivity. For s = 0, this equation gives
Rth for the point source. Rth can be integrated over the collector

where p is the density, c is the specific heat, and K is thermal
diffusivity. An identical image source can be added to create an
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Fig. la. Measured response to negative collector-power
step. Results of several measurements are superimposed

Figure l a shows typical measurements of the emitter temperature
response to a negative step in collector power. The measurement
set-up is shown in Fig. lb. Electrical transients dominate the earliest
time scale of the measurement, so the temperature is plotted only
for t > 0.4 ps. This presumably hides a short delay before the
emitter temperature begins to respond. The emitter temperature
continues to fall for several microseconds. After 100 p s the local
heating transient is complete and the temperature is constant. Then,
about 10 ms after the power step, the whole package begins to
cool; this transient continues for many minutes. The cooling of
the package is controlled by the package thermal impedance, which
causes a coupling of all of the devices on the chip. Figure 2a shows
the effect of a negative power step in one transistor's power on the
emitter temperature of a nearby transistor. Only the longer time-scale
transient, controlled by the package thermal impedance, is visible.
Consistent with the model of [3], thermal spreading impedance falls
off strongly with distance, so that for modest powers, even adjacent
devices are thermally decoupled over the shorter time scale. This
paper is concerned primarily with local heating effects.
If a unit impulse of heat occurs instantaneously at some point
in a uniform medium, the temperature rise at a point a distance r
away is given by [5]
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where d = D / a , h = H / m , and a = W/L. The approximation agrees with numerical solution of Eqn. 3 to within 5% for
all reasonable geometries. Figures 3 and 4 show how fi and f2 vary
with device geometry. In this approximation, r' is taken as the point
at the surface above a comer of the emitter. Up to eight evaluations
of the approximating functions, with adjusted values for d, h, and a,
are needed to find Rh for an arbitrary point in the emitter. Figure 5
is a contour plot of predicted Rh variation with position. Good fits
to measured variations of output resistance with current are obtained
when r' is taken at the surface at the comer of the emitter. This
requires only a single evaluation of Eqn. 4.
Small-signal circuit model

Mueller [6] showed that BJT common-emitter y-parameters can
be corrected for thermal feedback using

where m or n = 1 for the base or 2 for the collector, YmnE is the
uncorrected electrical Y parameter, Z, is the thermal impedance,
and P is the dissipated power. Dz is the fractional temperature
coefficient of the collector current, (typically about 7 %/K)and D1
is that of the base current, equal to Dz - Da, where Da is the
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Setup for measuring thermal response
of transistor heated by nearby transistor.

Fig. 2b.
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SCR and its image to yield the thermal resistance at any point r' =
(X'J'.Z'> for arbitrary geometry. In rectangular coordinates
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Fig. 3.

Variation of function fi(d, h) with d

= D f m , with h = H / m as a parameter.
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where r = d ( x - x ' ) ~ (y - Y ' ) ~ (z - z ' ) ~ ,W and L are the
width and length of the emitter, D is the depth of the base-collector
junction, and H is the SCR width. This integral is not solvable
in closed form, so least-squares fitting was used to generate the
following approximation to Eqn. 3.

fi(d, h) = (0.058 d
f2(a) = 0.98

+ 0.14) h + 0.34 d + 0.28

+ 0.043 a - (6.9 .

a2
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Fig. 4. Variation of function fz(a) with aspect ratio

a = WL.

1.8

I

IEEE 1991 Bipolar Circuits and Technology Meeting 4.2
fractional temperature coefficient of /3, (typically around 0.7 %E).
Eqn. 5 can be used with &, = Rth to thermally correct the DC
small-signal parameters g.,
Figure 6 shows typical measured and simulated values for the
normalized output resistance VA = I~/g22- VCE of a silicon BJT
with 23 x 23 (pm)' emitter, collector junction depth of 3.0 pm and
epi doping of 10'' /cm3. The value for H in Eqn. 4 was 2.8 pm,
calculated assuming a step junction, which led to Rh = 70 K/W. The
simulation used gzE = J t - f f ~ ~ ,where VAE= 350 V is the electrical
Early voltage, measured at low currents. The data were corrected
to account for package thermal resistance of 110 K/W, measured
using the plateau region shown in Fig. 1. Fitting measured output
resistance variations to Eqn. 5 provides a useful way to extract Rh.
Differences between predicted and measured Rh values are typically
< 10% for emitter areas > 100 (pm)'. For smaller geometry (< 16
(pm)') emitters, Merences up to 40% have been noted; these may
represent errors in the specification of the device geometry.
The other DC small-signal parameter which is strongly affected
by thermal feedback is g12. Elecmcal models predict only a small
negative value for this parameter, caused by Early-effect modulation
of recombination in the quasi-neutral base. This effect is normally

neglected. Eqn. 5 predicts a substantial positive value for g12
approaching g22//3 with increasing Ic. This can have a major effect
on circuit performance, as the input and output impedances become
strongly dependent on the loading at the opposite port. Note that
Eqn. 5 shows that errors in small-signalparameters due to neglecting
thermal feedback can occur without large DC power dissipation.
AC Modeling
Equation 2 can be used to model thermal spreading impedance
above DC if the reE from Eqn. 4 is substituted for r in Eqn. 2.
The results are compared to the inverse Fourier transform of Joy
8z Schlig's predicted impulse response in Fig. 7. For this case (the
same device as in Figs. 1 and 6) the magnitudes differ by less than
6% for frequencies up to fpk = 350 kHz,defined as 1/(27rtpk),where
tpk = reff2/(6K) = 0.45 ps is the time at which the impulse response
in Eqn. 1 reaches a maximum. At this frequency l&l has dropped
to 18% of Rh.
The phase response is not as accurate, differing by more than 30
degrees for frequencies greater than fpk. These phase errors are easily
understood - the model represents the transistor as a point-source
collector and a point emitter, separated by an reR which is inevitably
greater than the base width. Thus the model overestimates the initial
delay. The authors are presently seeking simple ways to improve
the phase modeling. However, since they coincide with decreasing
l&l, these phase errors may be tolerable in many applications.
SPICE Implementation

0
C

The model described above provides a simple and practical
way to improve the accuracy of BJT circuit simulation. At this
writing the small-signal model has been implemented in SPICE.
Later the modeling will be extended to include DC and transient
analyses. The implementation allows two modeling approaches. In
the first (predictive) approach the user supplies for each model the
parameters W, L, and D, plus the epitaxial-layer doping, which
is used to determine the space-charge region width, H. The other
modeling approach is empirical: for each model the user supplies
values for Rh and a thermal capacitance C*, which are used as
constant real and imaginary parts for &. Altematively the user can
supply Rh alone. In that case, Eqn. 4d is solved for reE, which
is used in Eqn. 2 to compute &. Typical SPICE results using the
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Fig. 5. Contour plot of thermal resistance at the surface vs. position within
emitter for a transistor with W = 32 pm, L = 24 pm, H = 4 pm, D = 3 pm.
Only one quadrant is shown and the center of the emitter is at the upper left.
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Fig. 7. Magnitude and phase of thermal spreading impedance &.
Circled values were computed using Qns. 2 and 4; uncircled curves
were computed using the Fourier transform of the model in 131.

Fig. 6. Measured and simulated normalized output resistance
VA Id& - Va. Simulations are based on Eqns. 4 and 5.
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first modeling approach are shown in Fig. 8. The 500 pA current is
quite modest for the device under simulation; thermal effects become
more si@cant at higher c m n t densities.
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Conclusion
Considering the si@cant effects which thermal feedback has
on BJT behavior, it is interesting to speculate why thermal effects are
not yet routinely included in circuit simulators, in spite of prior work
on including such effects, [7, 81. One contributing factor may be
the willingness of many circuit designers to accept empirical models
- model parameters can be adjusted to account for many thermal
effects. Figure 9 demonstrates that even this empirical approach can
lead to significant errors. Extractions of the SPICE parameter VAF
were done under several different conditions. Differences greater
than 30% were found depending on HP4145 integration time, and
whether or not a fan was blowing on the package to change its
effective thermal impedance. This should give pause to the analog
IC designer - such thermal effects could cause the gain of a twostage op amp to vary more than 2 to 1 depending on package type
and mounting conditions.
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Fig. 9. V u values optimized for various currents, extracted under
Merent thermal conditions: +: using an Hp-4145 at minimum
delay between points; *: static measurement with small fan
blowing on the 14-pin DIP;0: static measurement without fan.
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Fig. 8. YU of transistor from Figs. 1 and 6 , pred~ctedby modified
PSPICE with and without correction for thermal effects. IC = 500 PA.
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